In this paper we show that a system of three fermions is exactly solvable for the case of a single-j in the presence of an angular momentum-J pairing interaction. On the basis of the solutions for this system, we obtain new sum rules for six-j symbols. It is also found that the "non-integer" eigenvalues of three fermions with angular momentum I around the maximum appear as "non-integer" eigenvalues of four fermions when I is around (or larger than) J max and the Hamiltonian contains only an interaction between pairs of fermions coupled to spin J = J max = 2j − 1. This pattern is also found in five and six fermion systems. A boson sysytem with spin l exhibits a similar pattern. In Ref.
Introduction
To obtain a simple solution of the many-body Schrödinger equation is a long dream of physicists. There have been numerous efforts to obtain analytical solutions which do not require diagonalization of the secular equation using computers. Among the many efforts in nuclear physics, the Elliott Model [1] , the seniority scheme [2] , the s and d interacting boson model [3] and a similar model using schematic S and D pairs, the fermion dynamical symmetry model [4] , the recent seniority-conserving single-j (partially solvable) model [5] are successful examples along this line.
In Ref. [6] we showed that for a large array of states of four-fermion single-j systems with only the J = J max pairing interaction, the eigenvalues are asymptotic integers labeled by the number of J = J max pairs in the wavefunction, and that those corresponding wavefunctions of these low I (I is the total angular momentum for a state of the four fermions) states are readily constructed in the nucleon pair basis. Besides the "integer" eigenvalues (as explained in Sec. 2), there are eigenvalues not close to integers when I is around or larger than 2j, and little was known about these states. It would be desirable to discuss both the "integer" and "non-integer" eigenvalues on a more general footing. This is one of the goals in this paper.
In Sec. II of this paper, we shall first study n = 3 systems (n is the number of fermions), which are readily solvable for any general pairing interaction with J pairing interaction only. The solutions of n = 3 provides an appropriate platform to explain the main idea of this paper. In Sec. III, we report relations between the eigenvalues of n = 3, 4, 5, and 6 of systems with only the J max -th pairing interaction. Using these relations one may obtain approximate values for both the eigenvalues and wave functions of low-lying states. We propose an ansatz by which one readily obtains, to a high precision, without diagonalization of the Hamiltonian, the wavefunctions of some non-integer eigenvalues discussed in our earlier work [6] . A summary and discussion is given in Sec. IV. In the Appendix, we present a number of new sum rules for six-j symbols, some of which are derived using the analytical eigenvalues of n = 3 while others are still empirical.
In this paper we use a convention that j (j ′ ) is a half integer, and that l (l ′ ) is an integer. They correspond to the angular momenta of the single-particle levels of fermions and spin carried by boson, respectively. J is used as the angular momentum coupled by two fermions in a single-j shell or two bosons with spin l; the maxium of J, J max , = 2j − 1 for fermions and 2l for two bosons.
In general this basis is over complete and the normalization matrix may have zero eigenvalues for a given I. We first rewrite the matrix elements of H J and N (I) jJ ′ ;jJ as follows [7] .
whereL is a short hand notation of √ 2L + 1. According to Eq. (12a) of Ref. [8] and Eqs. (3.10a) and (3.10b) [9] ,
3 Using commutators in (5), we obtain
where a sum rule
is used. The Hermitian conjugate of Eq. (6) yields
Substituting Eqs. (6) and (8) into Eq. (4), we obtain
Below we explain that there is at most one non-zero eigenvalue for each I of n = 3 with H = H J . For a fixed J and for any I, we construct one state |j 3 J : I J = |j 3 [jJ]I and all other states |j 3 K : I J which are orthogonal to |j 3 J : I J as follows.
Using Eq. (9), we easily confirm that all matrix elements of the Hamiltonian in the basis (10) 
jJ;jJ . Thus all the eigenvalues of n = 3 for a given I are zero for H = H J except for the state with one pair with spin J, with an eigenvalue given by −N (I) jJ;jJ .
Next we explain why the eigenvalues for the n = 3 cases are close to integers when H = H Jmax . As shown above, the wave function of the lowest energy state for each I is given by
|0 . The eigenvalue (−N jJmax;jJmax ) equals to −1 substracted by a six-j symbol, this six-j symbol is in fact very close to zero when I is not close to I max = 3j −3. The lowest eigenvalue for each I (I ≥ j −1) is thus very close to −1 unless I ∼ I max . All eigenvalues for I ≤ j − 2 are zero. To show that the six-j symbols involved in N jJmax;jJmax asymptotically vanishes, we list a few formulas of these six-j symbols:
which are less than 10 −14 in magnitude for j = 31/2. Clearly, the approximate integer eigenvalues of n = 3 with H = H Jmax comes from the fact that the six-j
The "non-integer" eigenvalues with I ∼ I max are also readily obtained:
;
etc. We see that these above eigenvalues stagger and saturate at −1 as I becomes smaller and smaller (but I ≥ j − 1). In the large j limit, the non-zero eigenvalue for each I takes the first term; for a very small j value, e.g., j = 9/2, the eigenvalue
I=7/2 for j = 9/2 equals to − 714 715
) is already very close to −1 (within a presision of 10 −2 ). This explains why we frequently obtain asymptotic −1 eigenvalues for H = H Jmax and n = 3.
We note that three bosons with spin l exhibit a similar pattern: there is up to one non-integer eigenvalue for each I in the presence of boson Hamiltonian H J ,
i.e., this non-zero (zero) eigenstate are given by a pair with spin
, coupled with a single boson operator b † l .
3 Relations between states of n = 3 and 4 for H = H J max .
In this section, we first discuss the cases with n = 4. In Ref. [6] , it was found that the eigenvalues of n = 4 are asymptotically 0, −1 or −2 for small I. These states are constructed by coupling one or two pairs with spin J = J max . However, some "non-integer" eigenvalues appear as I is larger than 2j − 9. These values are very stable for 2j − 8 ≤ 4j − 12, and the origin for these states was unknown. Let us compare the eigenvalues of a system with n = 3 and n = 4 fermions with H = H Jmax for j = 31/2. The distribution of all non-zero eigenvalues for n = 3 and 4 is plotted in Fig. 1(a)-(c) 1 , where (a), (b) and (c) correspond to the range of |E| from 0 to 0.8, 0.8 to 1.5, 1.5 to 3.8, respectively.
¿From Fig. 1 , we see that these eigenvalues are clustered at a few values but with exceptions. The "clustered" values are very close to the eigenvalues of n = 3
2 . This indicates that the eigenstates of n = 4 are closely related to those of n = 3.
For j = 31/2 and n = 4 the total number of states is 790. The number of states with non-zero eigenvalues is 380. Within a precision 10 −2 , the eigenvalues of these 308 states are located at the eigenvalues of n = 3, and 21 states have eigenvalues at −2. We note that almost all the "non-integer" eigenvalues of n = 4 can be rather accurately given by a three-particle cluster with I (3) ∼ I
max coupled to a single-j particle. In this example only four states with I = 48, and two states with I = 46, and two states with I = 44 cannot be understood in the complimentary pictures of a three-particle cluster with I (3) ∼ I
max coupled to a single-j particle and two pairs with spin J max .
For example, the peak for n = 4 in Fig. 1(c) near 2 .25 is very close to the the energy of |E Imax | of n = 3. For j = 31/2, the maximum angular momentum I max and a single-j particle is given by 3j − 3 − j = 2j − 3 (the triangle relation for vector couplings) and here 28. We find that the lowest eigenvalue E I of I = 28 for n = 4 obtained from a shell model diagonalization is −2.26271186440689. The E I for n = 4 with I between 28 to 56 are listed in Table I . Two observations can be made: (1) the lowest state of each I are well separated from the second lowest one, and (2), there is no eigenvalue which is smaller than -2.0 when I is lower than 2j − 3 for n = 4 with a J max pairing interaction 3 . We also see that the overlap of the wave function obtained by the exact shell model with the state constructed as the I I . Suppose that the lowest spin I state is not degenerate. Then a certain configuration which produces the same energy as the lowest spin I state will have the same wavefunction. In Table I I are close to 1, except three cases (two of them can be approximated by other three-particle clusters with
max ) coupled to a single 2 There is one peak at E = 2 which was explained using two pairs with spin J = 2j − 1 in Ref. [6] . 3 We also note that the above nearly equality is asymptotic for a rather large j, not exact. For examples, when j is very small, for j = 7/2, the energy of E j 3 (15/2) is − 51 22 =2.31818182 while the lowest energies of I = 2j − 3=4 for four fermions obtained by diagonalization is − 8 3 = 2.66666667; for j = 9/2, the energy of E j 3 (21/2) is − 23 10 while the lowest energies of I = 2j − 3=6 for four fermions obtained by diagonalization is −2.34965034965038.
paritcle).
We have calculated all overlaps between states of n = 4 which have energies close to the peaks and those of simple configurations obtained by coupling a single particle to a non-zero energy cluster with I (3) ∼ I
max of three fermions. These shows similar situations as Table I . Therefore, we conclude that those stable "non-integer" eigenvalues of n = 4 with H = H Jmax in Fig. 1 are given to a high precision by a three-particle cluster (nonzero energy) coupled to a single-j particle.
One may ask which picture is more relevant for the states of n = 4 with eigenvalues close to integers, one in which a three-particle cluster (nonzero energy) is coupled to a single-j particle, [I
I , as proposed in this paper, or one in which two particles are coupled pairwise to one or two spins being J max , as proposed in Ref. [6] ?
First we note that for I ≥ 53 only a single state is possible and these two pictures are therefore equivalent and exact; for I = 0 (or 3) the number of states is the largest integer not exceeding (2j + 3)/6 (or (2j − 3)/6) which is larger than 1 in most cases [10] but there is only one state which gives a non-zero eigenvalue for the J max pairing interaction [6] . Also in this case the two pictures are therefore equivalent and exact.
For cases with I not large and energy close to −2.0, it was proven in Ref. [6] that a description by using two pairs with two spins being 2j − 1 is very good. For these states one may ask whether a description by using a single-j particle coupled to a three-particle cluster with I n=3 ∼ I n=3 max is also relevant. To see whether or not this is true, we calculate the overlaps between the states with E ∼ −2.0 and I not very large as obtained by the shell model diagonalization and all possible three-particle clusters coupled with a single-j particle. These overlaps are between around 0.6-0.8. Thus the picture using a single-j particle coupled to the three-particle cluster for states with I not large and energy close to −2.0 is not proper.
Then, how does the picture of two pairs with spin J = 2j −1 work as I increases? We calculate the overlaps of states with energy around −2. We see that for I = 42 (=I max − 14) the overlap is still 0.9962, showing that the pair picture is still very good.
The next question is related to the states with energies near 1. There are about 100 states for n = 4 and j = 31/2. Both pictures give eigenvalues at 1. The number of states with E ∼ 1 is not unique. As was shown in Ref. [6] , for cases with I not very large, the number of E ∼ 1 states with spin I is the largest integer not exceeding I/2, which is larger than 1 except for I = 0, 2 and 3. Because the eigenvalues are not exactly 1 (but very close to each other), the mixing of these configurations is large. Coupling two pairs, one with spin J = 2j − 1 and the nother spin J ′ = 2j − 1 picture gives a very good classification of states, but not the exact wavefunctions. On the other hand, the picture using a three-particle cluster of nonzero energy coupled with a single-j particle provides us with better wavefunction than the pair picture, but it does not provide us the number of E ∼ −1. These two pictures are therefore complementary in describing the states for n = 4 with E ∼ −1.
States of five particles and those of six particles
In this section, we proceed to cases with more particles. Although we did not find simple solutions for these systems, we are able to find some relations between states with different n with an attractive J max -pairing interaction.
The picture using clusters of N (N < n) particles coupled to (n − N ) single-j is also found in states with more particles. We study in this section the j = 21/2 shell for both n = 5 and 6. The cases with larger j-shells yield a similar picture with even higher accuracy.
The asymptotic integers appear in the eigenvalues of n = 5 when I is very large. The eigenvalues are either zero, or very close to one and two. The number of states for I = 1 2 is four, among which there is one with zero eigenvalue, two with eigenvalues ∼ 1 (within a precision of 0.001) and one with eigenvalue ∼ 2 (within a precision of 0.01). The number of states for I = states. Similarly, we obtain that the minimum I which gives an eigenvalue with E ∼ E ). The above regularities survive unless I ∼ I n=5 max . Now let us look at the case with n = 6 in the same shell. Below we consider the case with I = 0 as an example as other low I states behave similarly. There are 13 states with I = 0. Among them there are three with zero eigenvalues. The non-zero eigenvalues are more complicated than systems with smaller n, because n = 6 can be divided into different sets of clusters. We first divide n = 6 into two clusters with n = 3 and I n=3 ∼ I , respectively. We can also divide n = 6 into three clusters with n = 2 for each. Here we take I n=2 = 2j − 1 for these three clusters which leads to an eigenvalue very close to three (3.00395705). Besides these values, there are two eigenvalues which are very close to 1.0.
It is very difficult to set up a complete rule for each state for n = 5 and 6. This is partly because the number of states for each I is not analytically known. However, based on these relations we suggest that the low-lying states of each I of fermions (bosons) in a single-j shell (with spin l) interacting by an attractive H = H Jmax favors a cluster structure, where each cluster has a maximum (or close to maximum) angular momentum. The coupling between the configurations are very weak and negligible, therefore we may obtain both the approximate wave functions and the eigenvalues, which are simple summation of those of the clusters.
Discussion and summary
In this paper, we first show that a system of three fermions in a single-j shell in the presence of H = H J is solvable. We prove that there is at most one state with a non-zero eigenvalue for each I. We can readily construct both the eigenvalues and corresponding wave functions. A similar remark applies to three bosons with spin l in the presence of H J . On the basis of the results for n = 3 a series of new sum rules of six-j symbols can be written.
We show that the eigenvalues of three fermions in a single-j shell with H = H Jmax is very close to 0 or −1 unless I ∼ I max = 3j − 3. This is very similar to the case of n = 4 which was studied in Ref. [6] .
We also find that the "non-integer" eigenvalues of I ∼ I max for n = 3 appear as "non-integer" eigenvalues for n = 4 when I is around or larger J max . The overlaps between the wavefunction of these "non-integer" eigenvalues of n = 4 and that of I ∼ I max state coupled with one particle in the same single-j orbit is very close to 1. This finding allows us to construct approximately the states of n = 4 using results of n = 3 (which are known). We confirmed that this is also true for five and six fermions in a single-j shell in the presence of H Jmax only. Bosons with spin l exhibit a similar pattern.
The above relations between the eigenvalues (or eigenstates) of different n systems in the presence of H = H Jmax indicate the following pattern: the attractive interaction H = H Jmax favors clusters, where the angular momentum of each cluster is close to the maximum. One thus unifies the "integer" eigenvalues and "noninteger" eigenvalues proposed in Ref. [6] by using a picture of clusters with large angular momenta in the presence of H = H Jmax for fermions in a single-j shell or bosons with spin l.
What is unknown at a more sophisticated level is why a state, such as I ∼ I max state of n = 3 coupled with one particle in the same single-j orbit, is decoupled from all other states. In other words why the last single particle can be regarded as a "spectator". Since this result is robust for more particles, further consideration of this issue is warranted. Table I The lowest eigenvalues E I of states of four fermions in a single-j (j = 31/2) shell with I between 28 to I max = 56. When I is smaller than 48 there is no eigenvalue lower than −2. The eigenvalue of the I max state with three fermions in the same single-j shell is − 267 118 =−2.26271186440677966. The column "(SM)" is obtained by a shell model diagonalization, and the column "E I " is matrix element of H Jmax of pure configuration constructed by the I max state with three fermions coupled with a fermion in the j shell. The column "overlap" is the overlap between the lowest eigenstates of n = 4 and the states obtained by coupling single fermion a † j to the I = I max state. Italic font is used for three cases for which the overlap is not close to 1. We note that the case of I = 50 (52) can be approximated rather accurately (10 −3 ) as a three-particle cluster with I = I max − 8 (I max − 6) coupled to a single-j particle.
I E I (SM)
E I (coupled) overlapCaption: Fig. 1 Distribution of all non-zero eigenvalues for n = 4. The inset in Fig.  1(b) is rescaled to distinguish a few exceptional cases which energies are not close to those of n = 3. (a), (b) and (c) correponds to different range of |E|. We see that the eigenvalues for n = 4 are "clustered" at those of n = 3 with few exceptions. 
